We consider sℓ(2) minimal conformal field theories and the dual parafermion models. Guided by results for the critical A L Restricted Solid-on-Solid (RSOS) models and its Virasoro modules expressed in terms of paths, we propose a general level-by-level algorithm to build matrix representations of the Virasoro generators and chiral vertex operators (CVOs). We implement our scheme for the critical Ising, tricritical Ising, 3-state Potts and Yang-Lee theories on a cylinder and confirm that it is consistent with the known twopoint functions for the CVOs and energy-momentum tensor. Our algorithm employs a distinguished basis which we call the L 1 -basis. We relate the states of this canonical basis level-by-level to orthonormalized Virasoro states.
Introduction
In this series of papers we study the relation between the critical Restricted Solid-on-Solid (RSOS) lattice models [1] and the minimal conformal field theories (CFT) [2, 3] . In Part I of this series (FPI) [4] we argued that, for these theories on a cylinder, the Hilbert space of physical states consists of fermionic states built from one-dimensional configurational RSOS paths on the lattice. As this series of papers will show, this allows us to translate much of the insight gained from studying finite-size critical RSOS lattice models by Yang-Baxter techniques [5] across to the study of the associated CFTs.
For some time now, workers in the field have been trying to build matrix representations of the Virasoro algebra based on paths [6, 7] and to make sense of a finitized Virasoro algebra [8, 9] . In this paper, we propose a general algorithm to build matrix representations of the Virasoro generators and chiral vertex operators (CVOs) and implement it for the critical Ising, tricritical Ising, 3-state Potts and Yang-Lee theories on a cylinder. We emphasize that our algorithm constructs these matrices level-by-level and, while our algorithm appears to be consistent levelby-level, we do not have expressions for these matrices valid at arbitrary level.
The layout of the paper is as follows. In Section 2, we recall some relevant facts about CFT, the Virasoro algebra, Virasoro states, primary fields and their two-point functions. In Section 3, we present our general algorithm to build matrix representations of the Virasoro generators and primary fields. We implement this algorithm for the critical Ising, tricritical Ising, 3-state Potts and Yang-Lee theories on a cylinder in Sections 4-7. We conclude in Section 8 with a discussion of open questions for further research.
Conformal Field Theory

Minimal models and Z k parafermions
The sℓ(2) minimal models [2] M(p ′ , p) with p, p ′ coprime have central charges
The conformal weights are (1 − q k ) (2.4)
The minimal models are unitary if p − p ′ = ±1 and non-unitary otherwise. We consider only the diagonal A-type series with p ′ < p and use the critical Ising M(3, 4), tricritical Ising M(4, 5) and Yang-Lee theories M(2, 5) as prototypical examples.
The sℓ(2) Z k parafermion models [10] are dual to the minimal models and have central charges We consider only the diagonal A-type series and we use the Z 3 or hard hexagon model [11, 5] as the prototypical example. The hard hexagon model is in the universality class of the 3-state Potts model so we refer to this as the 3-state Potts CFT. Generally, the characters of the Z k models are string functions but, for the Z 3 model, these are easily related to the Virasoro characters of the M(5, 6) model. The minimal and Z k parafermion models are rational and admit a finite number of primary fields φ(z) = φ (h) (z). We view these theories as arising from the continuum scaling limit of the A L RSOS models [1] with L = p − 1 and L = k + 1 respectively.
Virasoro algebra and Virasoro states
The Virasoro algebra Vir = L n , n ∈ Z (2.6)
is an infinite dimensional complex Lie algebra associated with conformal symmetry. The generators L n satisfy the commutation relations On a cylinder with prescribed boundary conditions, which is the case of primary concern here, there is just one copy of the Virasoro algebra. For bulk theories on the torus, however, there is a second copy Vir of Virasoro which is the antiholomorphic counterpart. For rational CFTs, the Hilbert space H of states on which Vir acts is naturally decomposed into a finite direct sum of irreducible highest weight representations (Virasoro modules)
where the sum is over the conformal weights h of the primary fields φ(z) = φ (h) (z). The vacuum |0 and primary (highest weight) states |h are characterised by
L n |0 = 0, n ≥ −1; L n |h = 0, n > 0 (2.10)
Moreover, there is a one-to-one correspondence between primary fields and primary states induced by lim z→0 φ (h) (z)|0 = |h (2.11)
The vacuum state |0 with h = 0 corresponds to the identity operator. The generically reducible highest weight representation of Vir (Verma module) is the linear span of Virasoro states in the canonical form L −n j L −n j−1 . . . L −n 1 |h , n j ≥ n j−1 ≥ · · · ≥ n 1 ≥ 1 (2.12)
If its maximal proper submodule is quotiented out, we are led to the irreducible Virasoro module V h = V c,h and the states (2.12) are no longer linearly independent due to the existence of null vectors. The generic Virasoro module in the h = 0 vacuum sector is shown in Figure 1 . Typically, for given c and h, some states at a given level enter in a vanishing non-trivial linear combination that is the null vector. Surprisingly, it seems that a complete set of linearly independent Virasoro states is not known even for the Ising model, although it is known [6] for the Yang-Lee theory M(2, 5) and the whole family M(2, 2n + 3), n ≥ 1. Note that under an orthogonal change of basis (L n → L ′ n = U T L n U, |h → |h ′ = U T |h ), Virasoro states transform into Virasoro states. With reference to the vectors (2.12), the module V h is graded according to the level
The Virasoro character χ h (q), which is the generating function for the spectrum of the Virasoro
where q is the modular parameter and the degeneracy
is the dimension of the space of states at level ℓ.
Fields
Consider a bulk primary field φ (h) (z, z). Radial quantization imposes the following definition of adjoint on the real surfacez = z * 
10 + · · · . In this sector, there is a null vector L −1 |0 = 0 at level ℓ = 1. For the minimal theories M(p ′ , p), further null vectors appear. For example, for the Ising model M(3, 4), there is one null vector at level 6 and 7 and two at level 8. For M(4, 5), the first null vector enters at level 12. In practice it is often convenient to truncate the states at some fixed level.
for bulk (quasi-)primary fields (z andz are independent complex variables, z * is the complex conjugate of z). The decoupling between holomorphic and antiholomorphic degrees of freedom allows to drop the dependence on the antiholomorphic coordinate z and consistently use chiral fields. The full picture is obtained after restoring the antiholomorphic dependence. The chiral form of the definition of adjoint
is used to define the dual space (bras)
Unlike the generators L n , a chiral primary field φ (h) (z) intertwines between different Virasoro modules, its action being dictated by the fusion rules
If the fusion coefficient is N ij k = 0 then the corresponding restriction of the field φ (h i ) , called chiral vertex operator (CVO), is non-zero
As a consequence of global conformal invariance we have the expression for the two-point function
corresponding to the trivial fusion coefficients N h 0 h = N h h 0 = 1 and to the non-zero CVOs:
The nonvanishing of the generic fusion coefficient N h h 1 h 2 = 0 corresponds to a non-zero threepoint function
The two-point relation (2.20) is contained in (2.23) if we set h 1 or h 2 to zero with C 0,h,
Using (2.11) and (2.17) in the three-point function, we have
forcing the following Laurent expansion
with the operator modes
It is not possible to write a unique Laurent expansion for the various restrictions of a field. The analytic behaviour of φ (h) (z)|h 1 as z → 0 and of h 2 |φ (h) (z) as z → ∞ requires the constraints
In particular, for the primary states the modes vanish if k > 0 giving
Under infinitesimal coordinate transformations z → z + ε m z m+1 , the primary fields must satisfy [2] 
and consequently the modes satisfy
The chiral vertex operators (CVOs) are used in the quasi-particle approach [12] to construct quasi-particle states by repeated application of appropriate modes of primary fields
In general this set of states is overcomplete. It is supposed that a linearly independent set can be obtained by applying appropriate restrictions such as those arising from fusion and braiding.
In this paper we concentrate on understanding the CVOs which are the building blocks of the quasi-particle approach.
Two and three-point functions
We can put the mode expansions inside the two-point function (2.20) and use the constraint (2.27) to reduce the number of terms
This expression is intimately related to the Laurent-Taylor expansion
where
which we later verify for small |ℓ| from explicit matrices for the chiral modes. Of course the full result is obtained by restoring the antiholomorphic dependence
The structure constants and operator product expansions involve the calculation of three-point functions, that can be accessed in a completely similar way. The mode expansion in (2.24) together with (2.27) yields
where we see that the structure constant explicitly enters in the mode coupled with z 0 (fundamental mode).
The energy momentum tensor is not a primary field, but still its two-point function
is fixed by conformal invariance. We can proceed as we did for the fields. The mode expansion is now
The relevant Laurent-Taylor expansion is
Again we later verify this for small n from explicit matrices for the Virasoro generators. We first present our general algorithm for the Virasoro generators in the L 1 -basis. In the subsequent subsection, we implement this algorithm for generic c in the h = 0 vacuum sector pointing out its salient features and discuss the relation between the L 1 -basis and the basis of Virasoro states.
We implement our algorithm systematically for the critical Ising, tricritical Ising, 3-state Potts and Yang-Lee theories in Sections 4-7. In each case the algorithm was implemented using Mathematica [13] .
Matrix algorithms for Virasoro generators in L 1 -basis
Because states belonging to different Virasoro modules are orthogonal, the matrices representing the Virasoro generators L n can be obtained separately within each module
Usually we work within a fixed module and suppress the index h. To obtain matrix representations of Vir, we will take
whereas for non-unitary theories L n will be complex with
Then we can extend this to a matrix representation of the full Virasoro algebra by recursively defining
Note that, if the generators L n satisfy the Virasoro algebra, then the generators
also satisfy the Virasoro algebra where U = ⊕U h is orthogonal and preserves the sectors (3.1). This corresponds to the freedom of an orthogonal change of basis. To specify a unique matrix representation of the Virasoro algebra one must first specify a distinguished canonical basis. The generators L −n act naturally on the basis (2.12) of Virasoro states. In particular, the grading of these states imposes a block structure on the matrix representatives of the Virasoro generators
The orthogonal matrix (3.4) must respect this grading so that
Within V h,ℓ , the Virasoro states (2.12) with ℓ = j i=1 n i are degenerate. However, they are not orthogonal and typically they contain null vectors, so a basis of Virasoro states (2.12) is not a good basis to choose in seeking matrix representations of the Virasoro generators. One possibility, is to use the Gram-Schmidt process to orthonormalize the Virasoro states with the null vectors removed. A better alternative, at least for unitary minimal models, is to use the basis of fermion states of FPI [4] . Since the fermion basis is a complete orthonormal basis of physical states we do not have to worry about removing null vectors. To obtain matrix representations of the Virasoro generators, we therefore start working in a fixed orthonormal basis of states.
With such a choice of basis, the structure of the matrices
* * * * * * 0 * * * * * * *
where 
We allow for arbitrary entries in each non-zero block, substitute into the basic Virasoro commutators (3.2) and proceed to solve the equations level-by-level. At a given level, we find that the equations are underdetermined and only involve dot products between rows in the ℓ-blocks. This freedom corresponds to an allowed change of orthogonal basis implemented by the orthogonal matrix U h ℓ and is removed by demanding that the entries above the leading diagonal vanish in the
In this basis, we find that the entries below the leading diagonal of the ℓ-block of L 1 automatically vanish. There remains a residual freedom associated with the choice of sign of each of the basis elements. We remove this by further demanding that the first non-zero entry at the top of each column of B ℓ is positive. If this is pure imaginary, as can occur in non-unitary cases, we demand that the imaginary part of this non-zero entry of B ℓ is positive. This algorithm thus fixes a distinguished canonical basis which we call the L 1 -basis because of the diagonal form of the blocks of L 1 . The L 1 -basis should be viewed as the fermionic basis of paths rotated by the orthogonal transformation U. Notice that only the level degeneracies, which can be read off from the Virasoro character, and the orthonormality of the starting basis is essential in this algorithm -the precise description of the starting basis is unimportant.
Generic minimal Virasoro matrices and L 1 basis
Let us consider the minimal models M(p ′ , p) with p = L + 1 large. It is then natural to consider fermionic paths on A ∞ and to treat the central charge c as a parameter. We will see that this case is generic in the sense that specific minimal models can be obtained by specializing c.
In the vacuum h = 0 sector the generic Virasoro character is
with degeneracies
Treating c as a parameter, and applying our algorithm, we build the following representation of the Virasoro generators in the L 1 -basis: 
We find that these matrices are generic in the sense that they can be reduced to produce the correct matrices for any special minimal value of c. More explicitly, if we specialize c to an allowed central charge for a minimal theory, say c = 1/2, then starting on the left we seek the first zero column of L 2 (excluding the first and third columns which are identically zero for all c). For c = 1/2 this occurs in column 11 corresponding to the known single null (unphysical) vector at level 6. We then remove the rows and columns of L 0 , L 1 and L 2 corresponding to this position and repeat the process. For c = 1/2, we find the next zero column of L 2 at the original position 15, corresponding to the single null vector at level 7, so we remove this row and column. At the next stage we remove rows and columns at the orginal positions 19 and 22, corresponding to the two null vectors at level 8, and so on. This process exactly produces the Virasoro generators of the critical Ising model M(3, 4) as given in Section 4. The same process works for the Yang-Lee theory with c = −22/5 as given in Section 7 and other special values of c corresponding to minimal models. Indeed, the matrix L 2 exhibits a remarkable structure of factors of the form √ c − c p ′ ,p where c p ′ ,p is the central charge of the minimal model M(p ′ , p). The elements of the L 1 -basis can be obtained in terms of the Virasoro states from the generic minimal Virasoro matrices L −n = L T n , n = 1, 2 by considering the action of these matrices on the fundamental basis formed by the column vectors e i = {δ i,j } j=1,2,... . We identify e 1 with the vacuum |0 . Using the action of the Virasoro algebra on the states, the next states are identified as
This procedure continues for higher levels leading to the expressions in Figure 9 . These expressions hold for both unitary and non-unitary models. The orthonormality of the L 1 basis is guaranteed by the orthonormality of the fundamental basis e i .
Matrix algorithm for fields
An algorithm can similarly be applied level-by-level to obtain matrix representations of the primary fields φ (h) (z). In the vector space V h 1 ⊕ V h 2 we consider the action of the two CVOs
)(c+ The Virasoro generators and fields have the following block structure when acting on
The two CVOs can be worked out separately because they do not mix under the commutation relation due to the block structure of the generators L n . So we consider φ h h 2 , h 1 (z) and expand the field in modes
Working in the L 1 -basis for V h 1 and V h 2 , the block structure of the mode φ
Given the mode Φ 0 we use (2.30) to generate the remaining modes by the action of the known matrix representation of L n
With the higher modes defined in this way, we solve the linear equations
24) level-by-level for the entries of Φ 0 . We find that these three equations are consistent and sufficient to determine all the entries of the modes so that no higher level equations are required.
Critical Ising model
The critical Ising model M(3, 4) with c = 1/2 is realized as the critical RSOS model on A 3 . It is essentially equivalent to the free fermion model and is well understood. We present it in this section to make contact with previous work and to illustrate the new features of our representation matrices in a familiar setting. In particular, we discuss the matrix representations of the Virasoro generators and fields in both the usual fermion basis and our L 1 -basis.
The free fermion (Ising) model is usually discussed in the context of a superconformal theory with Neveu-Schwarz (h = 0, 1/2) and Ramond (h = 1/16) sectors. The mode expansion of the free fermion field is given by
k . This is the primary field φ (1/2) (z) = ψ(z) in the Neveu-Schwarz sector. The Virasoro generators have simple bilinear expressions in terms of normal ordered fermion modes
Simple expressions for the generators L n as bilinear forms only appear to hold for the Ising model.
The critical Ising model has three independent sectors corresponding to (r, s) = (1, 1), (1, 3) and (1, 2) and boundary conditions (left, right) = (+, +), (−, +) and (Free, +) respectively. The basis of physical fermion states in these h = 0, 1/2, 1/16 sectors is
(4.29)
The h = 0 and h = 1/2 sectors combine into one superconformal sector with
|1/2 and total fermion number operator
The projectors onto the three Virasoro modules are
(4.31)
Ising model: V 0
The q-series for the Ising character in the vacuum h = 0 sector is χ 0 (q) = 1 + q 2 + q 3 + 2 q 4 + 2 q 5 + 3 q 6 + 3 q 7 + 5 q 8 + 5 q 9 + 7 q 10 + 8 q 11 + 11 q 12 + O(q 13 ) (4.32)
The form for the energy is independent of which basis we use The states in the fermionic basis are ordered as
In this fermionic basis 
We write the same matrices in the L 1 basis. The order of the states is the same as in Figure 2 after removal of the null vectors. The q series for the Ising character in the h = 1/2 sector is
The energy is the same in both bases The fermionic basis is
Notice the appearence of the positive mode b 1/2 in the basis itself. In this basis we have 
By comparison, using the L 1 basis, gives . . .
Ising model: V 1/16
The q-series for the Ising character in the h = 1/16 sector is In the L 1 basis we find The corresponding energy momentum tensor (up to order q 6 ) is shown in Figure 3 .
Fields
The chiral operator φ (1/2) (z) corresponds to the fermion field in the NS sector. Its action in V 0 ⊕ V 1/16 ⊕ V 1/2 is described by the block structure
A careful analysis of the two and three-point functions yields the following relations between the blocks (the chiral remnant of the self-adjointness property of the full conformal field ε(z,z) ≡ φ (1/2) (z,z))
In the L 1 basis, the lower-left block and the central block are shown in Figures 4 and 5 . The chiral operator φ (1/16) (z) corresponds to the magnetic field of Ising in the R sector. Its action in V 0 ⊕ V 1/16 ⊕ V 1/2 is described by the block structure 
re 3: Energy-momentum tensor (in the L 1 basis) of the critical Ising model in the h = 1/16 sector.
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Tricritical Ising model
In this section we build matrix representations of the Virasoro algebra and fields for the tricritical Ising model.
Tricritical Ising model: V 0
The q series for the Virasoro character in the h = 0 sector is The first discrepancy with the generic A ∞ case is at level 12. We compute the matrices in the L 1 basis, truncating the energy such that terms corresponding to q 10 are dropped. We thus build the following 30 × 30 matrices: L 0 = Diagonal(0, 2, 3, 4, 4, 5, 5, 6, 6, 6, 6, 7, 7, 7, 7, 8, 8, 8, 8, 8, 8, 8, 9 , 9, 9, 9, 9, 9, 9, 9, . . .) (5.55) 
The energy-momentum tensor is shown in Figure 8 .
Tricritical Ising model: V 1/10
Consider now the Virasoro module V 1/10 , corresponding to the field of dimension h = h 1,2 = 1/10. The character is
(5.60) The matrices in the L 1 basis, correct to order q 8 , are
+ Diagonal (0, 1, 2, 3, 3, 4, 4, 4, (5.61) 5, 5, 5, 5, 6, 6, 6, 6, 6, 6, 7, 7, 7, 7, 7, 7, 7, 7, 8, 8, 8, 8, 8, 8, 8, 8, 8, 8, 8 , . . .) 
Lastly, we present the mode φ . . . In this section we consider the 3-state Potts (hard hexagon) model which is an example of a parafermion model. This theory is dual to the tricritical Ising theory M(4, 5) and is obtained in the A 4 ABF model [1] by taking the sign of the spectral parameter u to be negative. The groundstate sector can be understood as the sum V 0 ⊕ V 3 of two Virasoro modules or as a single module of the W 3 algebra associated with the identity field φ (ℓ,m) with ℓ = m = 0. The first viewpoint is more convenient in the following matrix representations. The relevant character expression is and in the L 1 basis we find . . . and in the L 1 basis we find . . .
7 Yang-Lee theory
In this section we consider the Yang-Lee theory M(2, 5) with c = −22/5 which is the simplest example of a non-unitary minimal theory.
Yang-Lee theory: V 0
In the groundstate sector V 0 , the character is χ 0 (q) = 1 + q 2 + q 3 + q 4 + q 5 + 2 q 6 + 2 q 7 + 3 q 8 + 3 q 9 + 4 q 10 + 4 q 11 + 6 q 12 + O(q 13 ) (7.75) and the energy is L 0 = Diagonal(0, 2, 3, 4, 5, 6, 6, 7, 7, 8, 8, 8, 9, 9, 9 , . . .) (7.76) In the L 1 basis we find . . .
(7.78) Notice that the first null vector appears at level 4, as is clear from Figure 2 . Notice also that the choice of signs of the square roots here is fixed by our convention and does not necessarily agree with the principal value from Figure 2.
Yang-Lee theory: V −1/5
The character in this sector is In the L 1 basis we find . . .
82) The field φ (−1/5) (z) is shown in Figure 13 .
Discussion
In this paper we have presented a general level-by-level algorithm to build matrix representations of the Virasoro algebra and fields for the sℓ(2) minimal and parafermion models. We expect this algorithm to work generally for rational CFTs. Our results, however, are far from complete. Our algorithm appears to be consistent level-by-level, but we have no proof that the infinite matrices actually give a representation of the Virasoro algebra. Although it is probably not difficult to establish the convergence of our truncated matrices to order q N , it would be highly desirable to have closed form expressions for the infinite matrices. Likewise, it is highly desirable to obtain explicit expressions for the Virasoro generators in terms of the fermion operators introduced in FPI [4] . Unfortunately, both of these problems seem to be very difficult.
In treating the fields we have for simplicity worked with one chiral half of the bulk fields. It is possible [14] to extend this to a full treatment of the bulk fields for the periodic system but it would also be nice to give a proper treatment of the boundary fields on the cylinder. Lastly, in the case of the tricritical Ising and 3-state Potts models, there are extended chiral algebras, namely, the superconformal algebra and W 3 algebra. It would be nice to work out, at least level-by-level, the matrix representatives of the generators of these higher symmetry algebras. 
